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CONJUGATE SYSTEMS OF CURVES ON A SURFACE BOTH OF WHOSE 
LAPLACE TRANSFORMS ARE LINES OF CURVATURE. 

By J. M. Stetson. 

Introduction. 

The first part of this paper is devoted to the study of the relations 
between the radial transformation and some of the other simple trans- 
formations of general conjugate systems, and later these results are 
applied to the surfaces which give the paper its title. Two conjugate 
systems are radial transforms of each other if the straight lines joining 
corresponding points are concurrent. It is found that if two conjugate 
systems are in this relation, all conjugate systems obtained by the trans- 
formations of Levy and Laplace from one conjugate system are radial 
transforms of the systems similarly obtained from the other. A geometric 
definition of the Levy transforms in terms of the radial transforms is a 
consequence of this fact. In the case of conjugate systems with equal 
invariants it is found that the Moutard transforms are associate to the 
radial transforms. 

Among the conjugate systems whose Laplace transforms are lines of 
curvature, those with equal invariants are of fundamental importance, 
and are the only ones considered here. For convenience, they are called 
conjugate systems (G). It is found that they may be defined as the con- 
jugate systems whose Laplace transforms invert by reciprocal radii into 
the Laplace transforms of another conjugate system. The fact that the 
transformation of conjugate systems (G) so suggested is a radial trans- 
formation and therefore capable of being expressed simply has hitherto 
escaped attention. The fact that the systems associate to conjugate 
systems ((?) are conjugate systems (G) has not been given geometric 
expression before, but Calapso has given the equations of transformation 
that establish that fact. In view of the relations established in the first 
section between the radial, associate, and Moutard transforms, the Mou- 
tard transformations of conjugate systems (G), though previously un- 
known, are combinations of transformations whose existence has been 
previously shown. 

In a recent paper Eisenhart* considered certain transformations K 

* Transactions of the American Mathematical Society, vol. 15 (1914), pp. 397-430. 
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of conjugate systems with equal point invariants. The third part estab- 
lishes the existence of transformations K which when applied to a system 
(G) give rise to new systems ((?). 

The rest of the paper is devoted to geometric properties of conjugate 
systems (G). Most of them are obtained by considering a congruence of 
spheres which is suggested by an analytic result in the second part of this 
paper. Guichard's original theorems about these systems were obtained 
from a consideration of the same congruence. One of the results is shown 
to be characteristic, affording a third definition of conjugate systems ((?). 

1. Laplace transformations. Radial transformations. The envelope of the 
tangent planes to a surface at points along a curve form a developable 
surface. Through each point of the curve will pass one ruling of the de- 
velopable surface. The direction determined by this ruling is called con- 
jugate* to the direction of the curve. Two families of curves are said to form 
a conjugate system if at each point the direction of the curve of either family 
is conjugate to the direction of the curve of the other family which passes 
through that point. Every family of curves forms part of one such 
conjugate system, except that on every surface there exist not more than 
two self-conjugate systems, called asymptotic lines.'\ On every surface 
there is a unique orthogonal conjugate system, known as the lines of 
curvature. A necessary and sufficient condition that the parametric 
lines of a surface form a conjugate system is that the coordinates x, y, z, 
satisfy a Laplace equation, 

dudv du dv' ^ ' 

where a and b are functions of u and v.t The coordinates x, y, z, may be 
thought of as defining the parametric conjugate system, and will be 
spoken of in this paper as the coordinates of the conjugate system. 

Let the tangents be drawn to the curves u = constant of a parametric 
conjugate system S. In the congruence thus formed one family of de- 
velopable surfaces will have for edges of regression the curves u = constant 
of S. From the definition of conjugate directions it is obvious that the 
other family of developables of the congruence is given by «; = constant. 
The edges of regression of this family form the other focal sheet of the 
congruence. This surface is called a Laplace transform of S, and the 
notation Si is used for it. The parametric curves on Si are conjugate. 
The coordinates of Si are given by the equations! 

* Eisenhart, pp. 126, 127. A reference of this sort is to Eisenhart's Differential Geometry. 

t Eisenhart, p. 128. 

X Eisenhart, pp. 127, 154. 

§ Eisenhart, pp. 403-406. The notation is different. 
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1 dx 1 dy 1 dz ... 

Xi = X r-, Vi = X -r- , Zi = Z -zr . (2) 

a dv' " a dv a dv ^ ' 

The other focal surface of the congruence of tangents to the curves 
V = constant of S gives another Laplace transform >S_i, whose coordinates 
are given by 

1 dx 1 dy 1 dz ,„, 

The two Laplace transforms of Si are S and a new conjugate system S^; 
those of S-i are S and a new conjugate system S-^. There is thus formed 
a suite of Laplace 

■ ■ • S-m • • • S-2, S-l, S, Si, Si ■ ■ ■ Sn • ■ • ■ 

The Laplace transforms of any conjugate system S, in the suite are the 
systems adjoining it, Si-i and Si+i. Here So = S. 
In order that the transformations 

x'=l, y'=l, 2'=|, (4) 

where X is a function of u and v, transform a conjugate system S whose 
coordinates are x, y, z, into another conjugate system S', it is necessary 
and sufficient that x, y, z, X be four solutions of the same Laplace equation 
(1). The coordinates x', y' , z' of >S' will then satisfy the equation* 



dudv 



= („-|lo.x)^+(.-/„,„.x)^. (5) 



The transformation given by equations (4) under these conditions will 
be spoken of as a radial transformation, or, more explicitly, as the radial 
transformation determined by X. 

An equation of Laplace of the form (1) is said to have equal invariants 
if (da/du) = (db/dv). Equation (5) shows that all the radial transforms 
of S will have equal invariants when and only when S itself has equal 
invariants. 

Let us find the Laplace transforms of S', defined by (4). The coor- 
dinates of >Si are given by equations of the form (2). The coordinates of 
Si', the Laplace transform of S', are given by equations of the form 

1 dx' 

a-^logX 



* These statements can readily be verified by substitution. 
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dx d\ 

A T X T. 

X dv dv Xi 



X 
where 



(a-£lo,x)x>"^'' 



Xi — X — ■;; . 
a dv 



Observe that Xi is the Laplace transform of X, as a; i is of a; . We therefore 
have 



Similarly 



, Xi ,2/1 / 2i 



, X^i , 2/_i , Z-i 



coordinates 






IX dx 
"" ~^~ dixdv' 


y^y-T^Vv' 


^ " ^ ~dixdv' 


dv 


dv 


dv 



Repeated application of these formulae gives 

Theoeem I: If S' is the radial transform of S determined by X, then 
each member of the suite of Laplace of S' is obtained from the corresponding 
member of the suite of Laplace of S by the radial transformation determined 
by the corresponding member of the suite of Laplace of X. 

2. Transformations of Levy. Levy* has shown that every surface S which 
is cut in a conjugate system by the developables of the congruence of 
tangents to the curves u = constant of a conjugate system S has the 



(6) 



where ju is a solution of the Laplace equation (1) satisfied by x, y, z. In 
the same way, surfaces S-i which are cut in a conjugate system by the 
developables of the congruence of tangents to the curves v = constant of 
*S have coordinates 

IX dx _ [>■ dy _ tx dz 

^-' = ^-jixd^' y-' = y-d^d^' '-' = '~d^d^- (^) 

du du du 

If the same solution /x^of (l)_be used in (6) and (7), the lines joining cor- 
responding points of S and S-i are tangent to the curves v = constant of S 
and to the curves u = constant of S-i. The surfaces S and S-i are there- 
fore Laplace transforms of each other, and the notation used is justified. 

* "Sur quelques Equations lin^aires aux derives partielles," Journal de I'EcoIe Polytechnique, 
cahier 56 (1886), p. 77. Cf. also Darboux, Le{ons, vol. 2, chap. x. 



Ml dyi 
dixi du ' 


z - 


= Zi 


Ml dZi 
dni du ' 


du 






du 
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The congruence of tangents to the curves u = constant of S is identical 
with the congruence of tangents to the curves v = constant of »Si. The 
coordinates of S must therefore be expressible in the form 

Ml toi 

du 

where Xi, yi, Zi, are the coordinates of *Si, and /xi satisfies the Laplace 
equation of »Si. In fact, we have 

_ 15m 
_ _ IX dx _ 1 dy ^ a dv dx 

djxdv a dv d/x dv 

dv dv 

But 

dxi 
du 



u a\du ^ ) dv 

and we take jui defined by 



l^M 



dfxi l(d. ,\d, 

^u=aW''^''~^h 

so that jui is the Laplace transform of ju. Then 



_ IX dx _ Hi dx\ 

"^ ~ ^ ~ T^di ' ^' ~ d^'du ' ^^^•' 
dv du 

and^by the theorem of Levy the coordinates of >Si, the Laplace transform 
of S, are given by 

dv 
In like manner 

M dx ix-i dx_i 

a;_i = X — -r- -r- = a;_i — ^ t — , etc., (9) 

djx du 5^-1 dv ' ' ^ ^ 

du dv 

and 



X-i = X-i — 



djU-i du 
du 



If we call S, S-i the Levy transforms of S determined by ix, repeated 
application of (6), (7), (8), (9) gives 
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Theorem II: // S, S-i are the Levy transforms of S determined by ix, 
then their nth Laplace transforms Sn, Sn-i are the Levy transforms of S„, 
the nth Laplace transform of S, determined by ju„, the nth Laplace transform, 
of n. 

Consider now the conjugate systems S', S-i, the Levy transforms 
of S' determined by /u' = /u/X, which evidently is a solution of the Laplace 
equation (5) satisfied by the coordinates of S'. We have 



_, _ , j/_ dx^ _x 

dfj,' dv \ d 
dv dv 



d(x\ 



X '^ \ dv dv J 1 I )x dx^ 






X f^dfi <9X\^, ^ IX d\{ djxdv 

dv 




X 



X' 
where X is the Levy transform of X determined by n. Similarly we have 



x-^' = 



X_i 

Repetition of these results gives 

Theorem III : If S' is the radial transform of S determined by X, the 
Levy transforms of S' determined by ;u/X are radial transforms of the Levy 
transforms of S determined by /x; and the solutions which determine the radial 
transformations are the corresponding Levy transforms of X. 

If M is a solution of (1), so is 1 - ii. The Levy transforms of 1 - fx 
determined by ix are 

^-"-d^d'v^^-'''^ = 1 

dv 
and 

i---ia^(i --) = !• 

du 

We have therefore as a consequence of the preceding theorem, 
Theorem IV: Tangents at corresponding points to the curves u = con- 
stant of a surface and its radial transform determined by 1 — /x intersect 
at the corresponding point of the Levy transform determined by u. 
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The corresponding statement with regard to the curves v = constant 
is true. 

3. Associate surfaces. Transformations of Moutard. Two surfaces, S 
and *So, are said to be associate if the planes at corresponding points are 
parallel, and to the asymptotic lines of either surface there corresponds a 
conjugate system on the other. If any correspondence is established 
between two surfaces, there will be in general one and only one system 
of corresponding curves which is conjugate on both surfaces.* This 
system is called the corresponding conjugate system. In the case of 
associate surfaces, it can be shownf that if the corresponding conjugate 
system is parametric, it has equal invariants and the coordinates of So 
are given by the quadratures of the form 

5xo _ to ^ - _ \^ fin^ 

du du' dv dv ' 

where X is given by the equations 

3±ogX ^ _ dJ^X ^ _ 2^_ 

du ' dv ^ ^ 

It will be convenient to speak of the corresponding conjugate systems of 
S and *So as associate conjugate systems. 

Since the Laplace equation must have equal invariants, we may write 

O'^. '-g. ^--♦- »2) 

Hence 

^ = e-2* ^ ^ = _ g-2* ^ (13) 

du du' dv dv' 

and similar equations in yo and 2o- 

If X and d are two solutions of the equation 

dH d<pde , d<pde 



"r 3», a,, ) 



dudv dv du du dv ' 
the conditions of integrability of the following equations are satisfied: 



du 



Vdu '^duj' dv ^ Vdv '^dvj- ^^^^ 



It can readily be shown that 



^ =|_(iog e - ^)fi + f (log e - <p)^. (15) 

dudv dv^ ^ ^' du du^ ^ ^' dv ^ ^ 



* Eisenhart, p. 130. 

t Eisenhart, pp. 378-380. 
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Hence the function | is a solution of a Laplace equation with equal in- 
variants. Equations (14) define the transformation of Moutard. The 
conjugate system whose coordinates are given by f, rj, f , where v and f 
are defined by analogous equations in y and z, is called the Moutard 
transform determined by the solution 6. 
Equations (14) can be written 



du 



\ du duj 



where 



Similarly 



'i-'-""'^' (=«) 






'^=e-^*e^'-f, (17) 

dv dv ' ^ ^ 



and similar equations connect ?? and y', f and z'. 

Since the Laplace equation, satisfied by x', y', z' , is 

equations (16) and (17) show that the Moutard transform is a conjugate 
system associate to a radial transform, and we have 

Theorem V : The Moutard transforms of a conjugate system are conjugate 
systems associate to its radial transforms ; and the solution which determines 
the Moutard transform determines also the radial transform to which it is 
associate. 

Similarly, the radial transformation determined by d followed by a 
Moutard transformation determined by 1/0 gives a conjugate system 
associate to the original conjugate system. 

4. Conjugate systems (G). Conjugate systems whose Laplace trans- 
forms in both senses are lines of curvature have been studied by Guichard* 
and Calapso.f It is found that if (1) is the Laplace equation of the 
original conjugate system S, the fundamental quantities of the first order,| 

* "Sur les r&eaux qui, par la mSthode de Laplace, se transforment des deux c6t& en r^seaux 
orthogonaux," Comptes Rendus, vol. 132, 1901, p. 249. 

t "Un problema sui sistemi di linee fra loro coniugate e suUe relative trasformazioni di La- 
place," Annali di Matematica, serie III, tomo XIII (1907), p. 203. 

tEisenhart, p. 71. 
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E and G, of the surface »S, are given by 

E^e«{^J. G = «»(gy. (IS) 

where (p and \p satisfy the equations 

^^ = a, P^ = b. (19) 

Conversely, any conjugate system for which E and G are so related to the 
coefficients of the Laplace equation has lines of curvature for its Laplace 
transforms. 

The conjugate systems with equal invariants, for which (p = ip, 
are found to be of fundamental importance. They will be called in this 
paper conjugate systems (G).* For a conjugate system (G) the funda- 
mental quantities of the first order are 



^ ^ \du)' ^ ^ dudv' ^ \dv)' 



(20) 



and the Laplace equation is 



d^d d<pde d<pde 



dudv dv du du dv' 

If the Laplace transforms. Si and S-i, of any conjugate system S 
which satisfies the Laplace equation (1) are lines of curvature, Xi^+yi^+Zi^ 
is a solution of the Laplace equation of Si, and X-i^ + 2/_i^ + z-i^ is a 
solution of the Laplace equation of S-i. There must then be a solution 
X of (1) whose Laplace transform Xi is Xi^ + yi^ + Z\^, and a solution ;u 
whose Laplace transform ix-i is X-i^ + y-\^ + 2-i^. 

We have 

Xi = X-^f^. (22) 

a dv ^ ' 

Differentiating and remembering that X is a solution of (1), we have 

da , 

5Xi _ du d\ , „- 

du d^ dv' 

If we give Xi, Xi, yi, Zi their values in terms of X, x, y, z, the equations (22) 

* Calapso uses the same notation in a less restricted sense. 

t The function <p is not arbitrary, but must satisfy a differential equation of the fourth order 
as Calapso has shown. 



CONJUGATE SYSTEMS OF CURVES. 115 

and (23) give 



\ = x^ + y^ + z 



a^\_\dv) '^\dv) + \dv) J 



Remembering that the numerator of the fraction is G = e'^'^{d(pldvy and 
a = d<p/dv, we obtain 

X = a;2 + 2/2 + z2 - e^*. 

In like manner we obtain 

M = ^2 + 2/2 -(- 2-2 _ g2*_ 

Evidently ix = X only when <p = tp; that is, when *S is a conjugate 
system (G). 

This result can be interpreted geometrically. The radial transforma- 
tion, 

' = a:i 

*' xi'^ + vi' + zi^' ' 

is an inversion by reciprocal radii ; the transform Si it gives is the Laplace 
transform of the radial transform of S, determined by X. In the same 
way the transform S-i of /S_i by reciprocal radii is a Laplace transform 
of the radial transform of S, determined by fi. It is apparent that for 
Si, S-i to be Laplace transforms of the same conjugate system S', X 
and M must be equal. Since the transform by reciprocal radii of a con- 
jugate system S is not a conjugate system unless S is a system of lines of 
curvature, we have 

Theorem VI : The conjugate systems (G) are the conjugate systems whose 
Laplace transforms invert by reciprocal radii into the Laplace transforms of 
another conjugate system. 

It is to be noticed that in an inversion by reciprocal radii, not only 
are Si and S-i the transforms of Si and S-i, but Si and S-i are the trans- 
forms of >Si' and S-i'. In the case of conjugate systems {G), then, »S' is 
a conjugate system whose Laplace transforms invert into the Laplace 
transforms of another conjugate system. We have proved 

Theorem VII: // S is a conjugate system (G), S', its radial transform 
determined by the solution x^ -\- y^ -\- z^ — e^*^ is also a conjugate system 
(G) ; and the Laplace transforms of either conjugate system transform by an 
inversion by reciprocal radii into the Laplace transforms of the other. 

The conjugate systems associate to a conjugate system (G) are defined 
by equations (10). The fundamental quantities are therefore 

^•--"^--(f^y. «--"(^y- 
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Since the Laplace equation of the associate conjugate systems is 

d^ _d^de__djpdd 
dudv ~ dv du dudv' 

they will be conjugate systems (G) if 

where J 

du _ dip do) dip 

du du' dv ~ dv ' 

These conditions are satisfied by co = (log c — (p). We have proved 

Theorem VIII: The conjugate systems associate to a conjugate system 
(G) are conjugate systems ((?) . 

On account of Theorem V we have 

Theorem IX: The Moutard transforms of a conjugate system (G) de- 
termined by x^ + y^ + z^ — e^* are themselves conjugate systems (G) . 

5. Transformations K. In a recent paper, Eisenhart* has considered 
transformations of conjugate systems with equal invariants. These he calls 
transformations K. The X-transform of a conjugate system S is the radial 
transform determined by X of the Moutard transform determined by 6, 
where X satisfies the equations 

ax _ _ _^^de_ d\ _ _^^d6 

du~ ^ du' dv~^ dv- ^^^^ 

We recall some of Eisenhart's results. If we write 

P = e-^*, (25) 

the Laplace equation of S becomes 

a^e a , ^de , d , ^de ^ 

diidv + d-v^''^ ^5^ + 5^^^S ^PVv = ^' (26) 

and equations (24) are 

d\_ de ^_ de 

du~ "du' dv~''dv- ^^^> 

If X, Y, Z, denote the direction-cosines of the normals to the surface 
S, and Xi, Fi, Zi; X^, Y^, Zi, the direction-cosines of the bisectors of the 
angles between the curves of the conjugate system &, the transformation 

* "Transformations of conjugate systems with equal point invariants," Transactions of the 
American Mathematical Society, vol. XV, no. 4, pp. 397-430. 
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K may be defined by equations of the form 

Xi - X = J (aXi + 6X2 + wX). (28) 

Writing 2co for the angle between the curves of the conjugate system 
S, the quantities a, b, w are solutions of the completely integrable set of 
equations 

V- = - X -vJ? cos CO + & I \ 7^ ^ — ~ sm 2co - — ) + T-ff 

du \^ G dv du J 2 \E cos 03 

+ pd cos CO a/^, 



•r- = — X VG cos CO 

av 



,/ (G d log a/p ■ ^ acoN M'^^^ 

H^'l~5^''°^""a^) + 2A^cosco 



— pd COS CO -VG, 



db ^ f^ . ( fEd\og<~p . ^ aco\ W.D 

T- = X "V£/ sm CO — a I \/7=; — 5 sm 2co — 5- I — „ rs • 

du \yGdv duj 2 -^E sm co 

- pd sin CO -ylE, (29) 
^„= -X VGsinco+a(V^-|^sm2co-^j + 2-^^^^^^ 

— p0 sin 03 -JG, 
dw _ D f a b\ 

du ~ 2 V^ V COS CO sin CO / ' 



2 V(t \ cos CO sm CO / 



dw _ D" { a 

dv ~~ 



If we write T'^ = a^ -\- b^ -\- w^, 2" is a solution of the equations 

dT r— 

Tt- = (p0 — X) \E{a cos CO — b sin co), 

T'^= — (p0 — X) A/G(a COS CO + 6 sin co). 
The coordinates Xi, yi, Zi, of the i^-transform satisfy equations 



(30) 



dx 
du 



? = $[(«l^+^^«°«"^)^^ 
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dx 
dv 



+ (6|^-.Xsinco^®)x.+.|^x], 



(31) 



The Laplace equation satisfied by X\, yi, Zi, is 

i!^l =Alo JL^ I Alo ^^ (32) 

dudv dv ^ Vp9 9u du ^ -\/p0 dv ' 

We wish to find transformations K which will transform a conjugate 
system (G) into another conjugate system (G). This will be done if the 
values of Ei and Gi obtained by squaring and adding equations like (31) 
are the same as those obtained from equation (32) in the same way as 
(20) are obtained from (21). 

The value of Ei from (31) is 

(33) 
= X4 [(«' + b' + W) f^ Y + 20x|^ A/^(acos w - 6sinw) + O-'^^eA . 

The value of Ei deduced from (32) is 

--i^'(r.>-f)- <-> 

Since e"^* = p and {d\/du) = — p{ddldu), this reduces to 

-.=f[l-:(^0-^:I■ 

When we equate the two values for Ei, we obtain, after simplification, 
the equation 

1^ [(X + pey - pT^] - 2^d\[(\ + pd) + ^p{a cos CO - 6 sin co)] = 0. (36) 

Similarly, (31) gives for Gi the value 

G,=^\T^(^y + 2d\ 1^ -lG{a cos CO + & sin co) + e'•K'G^ , (37) 
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and from (32) we deduce, using (27), 

Equating these two values, we obtain the equation 

|^[(X - pey - pT^] - 2|~eX[(X - pe) + ^p(a cos w + 6 sin co)] = 0. (39) 

Since cos 2w = F/ -<iEG, we have the relation 

^V _ d<p d<p ^^^ 2,_ ^^^^ 



dudv du dv 

If we differentiate equation (36) with respect to v, and simplify the 
results by the use of equations (25), (26), (27), (30), and (40), we obtain 
the equation 

^^[(X + pey + pT'' + 2V^(X + pe){a cos co + 6 sin w - 2^pd)] 

- 1^ |j [(X + p9) + pr^ + 2 •Vp(X + pd) (a cos CO - 6 sin co + ApdX)] (41) 

A similar process applied to (39) gives the equation 

1^ ~[(X - pey + pT^ + 2 4'p{\ - pe){a cos w + 6 sin w) - 4p9X] 

- ^ ^ [(X - pey + pT^ + 2 V^(X - pe)(a cos co - 6 sin co + 2 ^[^^)] (42) 

+ * L- If ^"^f V^o - " »i" <•) + *.(x - .») ^ I;* = 0. 

If the values of ddfdu, ddjdv, given by (36) and (39) be substituted in 
(41) and (42), these equations are identically satisfied. Hence (29), 
(36) and (39) form a completely integrable system. We have proved 

Theorem X: If a, b, w, 6, satisfy the completely integrable system 
(29), (36), (39), and if X be determined by the quadratures (27), the trans- 
formations K determined by 6 and X will transform the given conjugate 
system (G) into another conjugate system (G) . 

6. Geometric properties of systems (G). Let the point M, whose coordi- 
nates are x, y, z, lie on S, a conjugate system ((?), and let Mi and ilf_i 
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be the corresponding poi nts on Si and S- 
Then the length of MMi is given by 



[, the Laplace transforms of S. 



MMi" = S(a; - XiY 



= Z 



■ 




dx] 




2 


(^x^ 






dv 




= 1: 


dv 


X — 


X 


dtp 




d(p 


. 


[ 


dv J 






[dv J 



G 



m 



= e^*. 



Hence MMx = e*. Similarly MM-i = e*, and we have proved 

Theorem XI: The lines joining a point on a conjugate system (G) 
with the corresponding points of its Laplace transforms are equal and have 
the length e*. 

We have seen that x'^ + y^ + z' — e^* is a solution of the Laplace 
equation of the conjugate system (G). It is well known that when 
the Laplace equation of a conjugate system has a solution of the form 
x^ + y^ + z^ — R^, the line joining corresponding points on the two sheets 
of the envelope of the sphere whose center is at the point (x, y, z) of S 
and whose radius is R describes a congruence whose developables cor- 
respond to the conjugate system 8.* In the case under consideration, 
R = e*. We have just seen that the points Mx, M-\ lie on the sphere. 
The equation of the sphere is 



(X - xY + (F - yY + {Z - zy - e^* = 0. 



(43) 



The line joining corresponding points on the two sheets of the enve- 
lope of this sphere is given by the equations 



a-x)|i + (y 



»)|!+(^ 



dz d<p 



^)^,+ 



.2* _ 



du du 



= 0, 



(44) 



(X-.)^+(F-.)ff+(Z-.)|f + f,V* = 0. (45) 

For convenience we indicate equation (44), by A = 0, and (45) by 
jB = 0. Equations (44) and (45), on account of (1), are the equations of 
the focal planes of the congruence of their intersection, which we will 
call the congruence g. 

The point M-i satisfies the equation A = 0; and the line MM-i has 
direction-cosines proportional to dxjdu, dyjdu, dz/du. Since MM-i is 
a radius of the sphere (43), it follows that A = is the equation of the 
tangent plane to this sphere at the point Af_i. Similarly, the plane 
B = is tangent to the sphere at the point Mi. 

* Darboux, vol. ii, p. 324. 
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Since A = 0, B = 0, are the focal planes of the congruence g, the focal 
points F^ and Fg of the congruence are given* by the two systems of 
equations 

A = 0, B = 0, A„ = 0, 

A = 0, B = 0, Buu = 0, 

where A„„ indicates the second partial derivative of A with respect to v, 
and Buu the second partial derivative of B with respect to u. 
It is found that 



Uv = s|^(| 



du dv^ 



S^ip dx d'^f dx d(p d(p dx 
dudv dv dv^ du du dv dv 



+ & 



,24 



L dv^ du dv dudv \dv J du du\dv ) dv dudv \ 



dv''' du 
The use of A = and B = reduces this to the form 



C = 2:g(X 



+ ^^]=o. 



dv'' 



The equation Buu = in like manner may be replaced by the equation 



^=^S(^ 



We have the relation 
„ dx d'^x 



dv dv'' 



^id_ (d_xy ^\d_ Vd^p (djp\^id_^ 

2dv \dvj 2 3?;'^ '' Idv' '^\dv J jdv ' 



Therefore the point Mi lies on the plane C = 0; it also lies on the plane 
B = 0. The focal point F^ also lies on both these planes. Therefore 
the line MiFj^ is given by the equations 



(X-x)'^+iY-y)ll+iZ 



dH 



d'y 



d'z 



.dz, .. d<p 

z)-r + e'* ^ 
dv dv 



'dV 



= 0, 



The direction cosines of this line are proportional to the determinants of 
the matrix 

dx dy dz 

dv dv dv 



d'x 
dv'' 



d^ 
dv'' 



dv'' 



* Since the focal point is the point where the focal plane osculates the edge of regression of the 
developable surface it generates. See Eisenhart, p. 60. 
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But these are the direction-cosines of the osculating plane of the curve 
u = constant of >S, and therefore the direction cosines of the normal to 
the surface S\. Similar reasoning shows that the other focal point Fg 
lies on the normal to the surface (S_i. 

The planes normal to a curve have as their envelope a developable 
surface whose rulings are called the -polar lines of the curve. The polar 
line for a given point of a curve meets the osculating plane of the curve at 
that point at the center of the osculating circle of the curve; it meets the 
edge of regression of the developable at the center of the osculating sphere 
of the curve.* 

Consider again the line defined by the system of equations A = 0, 
5 = 0. On account of equation (1), this system is equivalent to the 
system A = 0, A„ = 0, where A^ is the partial derivative of A with re- 
spect to V. Or it is equivalent to B = 0, Bu = 0; where Bu is the partial 
derivative of B with respect to u. But A = is the equation of the 
planes normal to the curves u = constant of >S_i; the equations A = 0, 
A^ = 0, give the polar lines of these curves. Similarly, B — 0, Bu = 0, 
give the polar lines of the curves v = constant of Si. Again, the focal 
point F^ was defined by the system of equations 

A = 0, 5 = 0, A„ = 0, 

which is equivalent to the system 

A = 0, A, = 0, A„ = 0. 

These equations define the centers of the osculating sphere of the curves 
u = constant of S-i. In the same way, Fg is the center of the osculating 
sphere of the curve v = constant of >Si. 

The tangent plane to »S is the osculating plane of the curves v = con- 
stant of >Si and of the curves u = constant of >S_i. The lines of the con- 
gruence g are the polar lines of these curves; their intersection with the 
osculating plane is the center of the osculating circle. Since the point of 
intersection is clearly equidistant from Mi and M-i, the osculating circles 
for the two systems of curves coincide. 

The intersection of the normal to a surface with the polar line of a 
curve on a surface is the center of normal curvature] of the curve. 

We collect the preceding results into 

Theorem XII : If at each point of a conjugate system (G) a sphere of 
radius e* be drawn, 

1°. The corresponding points of the Laplace transforms lie on the sphere. 

* Eisenhart, pp. 15, 38, 65. 
fEisenhart, pp. 117, 118. 
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2°. The lines joining corresponding points of the two sheets of the envelope 
of the sphere form a congruence g, whose developables correspond to the con- 
jugate system (G). 

3°. The focal planes of the congruence are the tangent planes to the sphere 
at the points where the tangent lines of the conjugate system (G) cut the sphere. 

4°. The lines of the congruence may also be defined as the common polar 
lines of the curves v = constant of Si and the curves u = constant of S-i. 

5°. The focal point of the congruence corresponding to the variation of u 
is the center of the osculating sphere of the curves v = constant of Si ; it is also 
the center of normal curvature of the curves u = constaiit of S-i. 

The focal point of the congruence corresponding to the variation of v is 
the center of the osculating sphere of the curves u = constant of S-i ; it is also 
the center of normal curvature of the curves v = constant of Si. 

Some of these results can be stated independently of the congruence. 
Thus we have 

Theorem XIII: The curves u = constant of S-i and v = constant of Si 
have common osculating circles at corresponding points. The center of the 
osculating sphere for either of these curves is the center of normal curvature 
for the other. 

7. Geometric characterization of systems (G). Guichard* has given a 
converse to one of the preceding results, which may be stated as follows : 

Let Si, S2, be surfaces on which the lines of curvature correspond, and 
at corresponding points let one family of lines of curvature on one surface 
have the same osculating circles as the other family of lines of curvature 
on the other surface. Then 2i and S2 are the Laplace transforms of a 
conjugate system (G). 

It is possible to transfer a part of the hypothesis to the conclusion and 
prove 

Theorem XIV: Let Si and S2 be corresponding conjugate systems, and 
let one family of curves of Si have at corresponding points the same osculating 
circles as the other family of S2. Then Si and So are lines of curvature and 
are the Laplace transforms of a conjugate system (G). 

Since the osculating circles are identical, the osculating planes are 
also identical. For convenience, suppose that the curves u = c of Si 
and f = A; of S2 have common osculating planes, and let M be the inter- 
section of the tangent lines of these curves at the points (c, k) of each, 
called respectively M^i and Mi. Consider the osculating planes corres- 
ponding to the values u = c, v = k, and u = c, v = k + 8k. Since they 
are the osculating planes of neighboring points of m = c on Si they ulti- 
mately intersect in the tangent to that curve. Since they are osculating 

* "Sur les cercles osculateurs et les spheres osculatrices aux lignes de courbure d'une surface," 
Comptes Rendus, 1912, vol. 154, page 678. 
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planes oi v = k and v = k -\- 5k at points along the same conjugate curve 
u = c, they are tangent planes to the Laplace transform of S2 at points 
along the curve u = c. The corresponding point of this transform being on 
the tangent to t; = A; of S2 at (c, k) is consequently M. M therefore 
generates one of the Laplace transforms of S2. Similarly it generates the 
other Laplace transform of Si. Since the lines MMi and MM^i are there- 
fore tangent to the curves u = c and v = k respectively at M, it follows 
from this and foregoing results that the parametric curves on the locus of 
M form a conjugate system. Hence Si and S2 are the Laplace transforms 
of a single conjugate system. The coordinates x, y, z, of the point M 
therefore satisfy the equation 

d'9 de dd 

= 057, + ?'^,> (46) 



Idx 


Idy 

y^^y-'aYv' 


Idz 

Zi = Z TT , 

dv' 


Idx 
^-^-^ bdu' 


y-' = y-bd^> 


1 dz 
b du 



dudv du dv' 

where a and b are functions of u and v. The coordinates of Mi and M-i, 
the corresponding points of S2 and Si are given by the equations 



and 



Evidently, a necessary and sufficient condition that the curves v 
= constant of S2 and u = constant of Si have the same osculating circles 
is that MMi = MM-i and that the curves mentioned have at corre- 
sponding points the same polar line. The polar line can be derived from 
the fact that it is the characteristic of the envelope of normal planes.* 

The equation of the normal plane to the curve v = constant on S2 

is 

dx\dx _ 
a dv J dv 
or 

„^^dx ^ dx , G 
SX^ - SXV- + - = 0. 
dv dv a 

For convenience we call the left-hand side of this equation K. The polar 
line is now given by the equations 

K = 0, K„ = 0, 

where 

^^C dx , ^dx\ ^ f dx , ,dx\ ^ , dOl G d , 
X„ = SX(a^ + 6^)-Sx(a^-|-6^)-F+^^--^loga. 

* Eisenhart, page 65. 
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Similarly, the polar line of the curves u = constant on Si are given by 
the equations 

L = 0, L„ = 0, 
where 

,^ dx ^ dx E 
au du 

and 

\ du dv / \ du dv J dv h h dv ^ 

If the polar lines coincide, the planes X„ = and L^ = must both 

belong to the pencil kK + IL = 0. Now X„ = can be written in the 

from 

r^ I 1 T 7-7,1 dG 1 ^ d . a ^ 6„ 

aX + 6L - i^ + - v— - - (? — log a - r£^ - - G= 0. 
a du a du h a 

If it is in the pencil, we must have 

F -^-f +^^Gl\oga -vIe -V^-G = 0. (47) 

a du a du ^ h a ^ ' 

Similarly, if L„ = is in the pencil, we must have 

F - \^-^^\EUogh+lE-V^-G = 0. (48) 

dv •* dv ^ h a ^ ' 

On account of the identities* 

\ dG G d , a 



(47) and (48) become 



2adu-adu''^'' + b''' ^^9) 

l^ = ||log6+-^(?. (50) 

2b dv dv ^ a ^ 

The condition MMi = MM^i gives the relation 

E_G 
¥~ a?- 

In consequence of this relation, equations (49) and (50) become 



(51) 



lil«g^ = ^l«S« + ^' (52) 



* Eisenhart, pp. 153, 154. 
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dv ^ dv 

Hence we can put 



log VI = -log 6 + a. (53) 







a = 


d<p 


b 


~ du' 


Now equations (52) 


and 


(53) 


give 












G = 


ah'* ■ 


V, 








E = 


6V* • 


u, 



where U is a, function of u alone, and F of t; alone. Equation (51) shows 
that, without loss of generality, we have U = V = 1, and obtain 

while equation (46) becomes 

d'e _ d^de_ d^dd 
dudv dv du du dv ' 

The parametric curves on S therefore form a conjugate system ((?), and 
the theorem is proved. 



